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Density of a gas of spin-polarized fermions in a magnetic field
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For a fermion gas with equally spaced energy levels that is subjected to a magnetic field, the particle density
is calculated. The derivation is based on the path integral approach for identical particles, in combination with
the inversion techniques for the generating function of the static response functions. Explicit results are
presented for the ground state density as a function of the magnetic field with a number of particles ranging

from 1 to 45.
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I. INTRODUCTION path integral formalisn{16], the method of symmetrized

density matrice$13], and inversion techniques for generat-

The explosive growth of mesoscopic physics has made ing functions[17-19. Instead of using the stochastic ap-
possible to obtain a tunable number of electrons confined iRroach[20] with the Ito condition on the magnetic fiel@1]
semiconductor quantum dofd]. Experiments on vertical for calculating the path integral fax identical interacting
quantum dots indicated that the confinement potentia| opscillators ina magnetic field, we relied on a detailed inves-
single quantum dots is well described by a parabolic potentigation of the classical equations of motion. The quantum
tial [2]. Although the electronic eigenstates and eigenvalue§€chanical corrections to their classical action are exactly
are essentially given by the Fock-Darwin stat8f detailed  taken into account.
experimental datp4—6] reveal the importance of correlation ~ The model system ol harmonically interacting oscilla-
effects on the ground state properties of the electrons ifors in a magnetic field is described by the Lagrangiamits
quantum dots. In order to take these correlation effects int&vith # andm equal to unity are used throughout this paper
account, various approximate theoretical metH@d<9] have
been used, e.g., the eigenstates and eigenvalues of a har- 1 ,2 )
monic interaction model including the effects of a magnetic L=3 Z (ri —2weX;yj) =V, (1)
field have been studied with operator techniq{i&g], and =
the harmonic interaction model has been used to explain spgzherew, is the cyclotron frequency, and where the potential

magnetic field11]. _ . a harmonic two-body interaction,
The harmonic interaction model is one of the rare ex-

N

amples for which the thermodynamical properties are exactly Q2 N 2 N
soluble, including the boson or fermion statistics, in the pres- V= — 2 r2+“’_ 2 (ri—r)? )
ence of a magnetic fi i i 2 ST A = Y

gnetic fielfl2]. It can also function as a trial i=1 j=1

model for the variational treatment of systems with more . ] ) ]
realistic interactions with the aid of the Jensen-Feynman inJhe two-body potential might be either attractive or repul-
equality[13]. An example of this approach can be found in Sive depending on the plus sign or the minus sign in the
Ref.[14], where the Jensen-Feynman variational approach i§vo-body interaction. _ _
used to describe Bose-Einstein condensation in a g4%if As a first step in the calculation of the path integral, we
and in a gas of Li atoms. The spin statistics of the harmonic Studied the case dfistinguishableparticles[12]. Because
interaction modef15] can be treated within the same many- the magnetic field affects the equations of motion only in the
body path integral formalism. Xy plane perpendlculqr to the magnetic f|§Id, the Lagrangian
In the present paper, we study the density of harmonically?aturally decouples into two contributions=L,y+L,
interacting electrons in a parabolic quantum dot in a magWhere Ly, contains the magnetic field. This allows us to
netic field, taking into account the electron correlation effectscalculate the propagator in they plane independently from
analytically. This analysis is a natural extension of our prethe propagator in thedirection. Through a transformation to
vious investigation of the thermodynamical properties of athe center of mass reference frame, one obtains a shit of
confined system of spin-polarized fermions in the presencéree-dimensional oscillators in a magnetic field. The center

of a magnetic field12], using a method that combines the of mass is described by an oscillator with frequeityThe
remainingN— 1 oscillators, associated with the internal de-

grees of freedom, have a frequency
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Note that the case of a repulsive interaction imposes a sta- -

bility constraint on the confinement potenti&: has to be - J dry--- f dryK,(r, Blr,0)A(r)

large enough to keep the repelling particles together. The (A(r,B)) = )]
magnetic field does not affect these frequencies inztbe f dry--- f drNK,(r_,,B|r_,O)

rection. But in thexy plane the equations of motion reveal

two renormalized frequencies due to the magnetic field,  \yherer is the aN-dimensional vector containing the coordi-

e > natesr,, ... ry of all theN particles, an&,(r,8|r’,0) de-
S=VW'tw and  Scm = VOt o, @ notes the propagator in the Euclidean tigve 1/(kgT), with

where = w/2 denotes the Larmor frequency. The index Ke denoting the Boltzmann constant aiiche temperature.
c.m. refers to the renormalized frequency in the center ofl e subscript emphasizes that identical particlésrmions
mass coordinates. Once the propagator for distinguishabf¢f Posongare considered. For the probability density and its
particles is known, it is projected on the antisymmetric rep-Fourier transform this gives
resentation to obtain thiermionpropagatof12]. 1/ N

This paper is organized as follows. In Sec. Il the one- n(r)=—< > 5(r—r,)>
particle correlation function is calculated for identical har- N\ =1 |
monically interacting oscillators in a homogeneous magnetic

field. In Sec. Il special attention is paid to the fermion B dq igr
ground state density in they andxz planes. In Sec. IV some ~) 2np Ng€ 7 —=Ngq
concluding remarks are given.
18
=N 2 (€ ()
Il. STATIC RESPONSE PROPERTIES OF THE MODEL N =1 I

SYSTEM -
] . Substituting the expression for the propagatg(r,s|r,0),
In the path integral approach to quantum mechanics thgne obtains the following integral for the Fourier trans-

expectation value of an expressiér) is given by form ng:

1 dRdk . Ka(WNZBWNZOK,, s (VNXVNY,BVNX,VNY,0)
”q‘NZ.ua,N)H ¢

(2m)® Kuw(VNZ BIVNZ,0)K,, (VNX VNY,BVNX, JNY,0)

| N
Xf dref'k'r$ elqﬂm % §ij:[1 KW((PZ)] !Blzj!O)KmL,s((PX)j :(Py)J vﬂ|xj !yjao)! (7)

where Zl(,B,N)=fdr_K,(r_,,8|r_,O) is the partition function o identical particlesP denotes a permutation of the particle
indices, and= +1 for bosons or-1 for fermions. The propagatoks, , K, , KwL Som? andeL s are known in closed form,

and explicitly calculated in Refl12]. In order to obtain tractable expressions foy, the summation over all possible
permutations will be rewritten as a sum over all possible cycles.

One-particle expectation values

For the one-point correlation function a fac@f " has to be taken into account in each permutation when applying the
cyclic decomposition of the permutations. Indicating the number of cycles of lehgihM -, the cyclic decomposition for
ny, becomes
q

o1 J f dekeik_RKwNz,ﬂlJﬁz,O)K,,,L,sc_m(JNx,JNY,ﬂNNx,JNY,O)
T NZ(BN) ) (2m)3 Kuw(VNZ BIVNZ0)K,, o(VNX VNY,BVNX,JNY,0)
(/=1)M, g(/’fl)M/r

: ¢ . p
X 2y & MR Em A1 T o e o, ®

where
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/
/C/(k,Q):f droqq--- f dr15(r/+1_r1)eiq'rlj1;[1 KwL,s(XJ+1,Yi+1yB|Xj Y OKw(Zj.1,8z;,00e K"/, 9

andXC,(k,q=0)=K (k) is the same function as E(L7) of Ref.[12] in the calculation of the partition functiafy(8,N). We
point out that the positive integerSandM , (with 1</<N) have to satisfy the constrailt,/’M ,=N. Taking into account
the semigroup property of the propagatils ,S(xj+1,yj+l,ﬁ|xj ,Y:0) andKW(zj+l,B|Zj,O), one recognizes it (k,q) the
partition function(over a time interval’g8) of a driven harmonic oscillator in a magnetic field,

/B
IC/(k,q)zf J’ f KwL‘S(x,y,/,8|x,y,0)K\,V(z,//3|z,0)exr<—J’0 fq(a-)r(r)dq-)dxdydz (10
with the driving force
K /L
f(m=iy & o(r=1B)~igs(7). (1D

This partition function is known in closed form and given by

_ 1 ¢qx ay ) 1 o
Kolkay= 2(cosh/ Bs—cosh/Bw, ) ex;{ 4s(cosh/ Bs—cosh/ Bw,) (ZSinl’(/,BW/Z) € (12

with
/B (/B _
d)qx'qy: fo fo [qu(T)qu(O')-f-fqy(T)fqy(O')][COSth(T— o)sinhs(/B—|7—ol)

/B (/B
+COShw|_(/B—|7'—0'|)Sinhs|7'—0'|]d0'd7'+ifo fo [qu(T)fqy(O')_qu(O')fqy(T)]

X[sinhw (7— o)sinhs(/B—|o—7|)—sinhw (/' B—|o— 7]|)sinhs(7— o) ]dod T, (13

/g (/Bfq(T)q(0) ‘Bl2—|T—
}J‘/BJ‘/,B a (M 1q,(7) cosh/BI2—| 7 U|W)dad7-. (14)

sinh/ Bw/2

Substituting the forcé,(7) from Eq. (11) into the above expressions fcbrquqy and bq, yields

B (keOx+k,ay)sinhBs (9 +0a7)sinh/ Bs
K (k,q) =K (ky ,ky)exr< 2Ns(coshBs—coshBw,) 4s(cosh/Bs—cosh/ B )
X K, (K,)ex 2 oot - w—q—zcot / Bw (15)
with
1 7/ (K2+K2 sinhBs
K, (ky ky) = ————exp — (k) b ,
Y7 2(cosh/ Bs—cosh/ Bw,) 4N2s coshBs—coshBw
K, (ky)= __ i h'B—W
A= 5 coshpw—1) P T e M2 |
The remaining integrations ovérandR in n, are Gaussian and easy to perform, eventually leading to
~ (az+q;) sinhBsg m sinhBs qZ cothpQ/2  cothpw/2) |
Na=®XB =~ 74N |, (coshBs, . —coshBw,) _ s(coshBs—coshBw,)| 4N Q W Ma»
(16)
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with

~ 1
n

>

ITNZ(BN) < g

g(/—l)M/

) (9;+qy)sinh/Bs @ 1 )
2/ /M/ex;< ~ 4s(cosh/Bs—cosh/Bw,) 4w 2w SOt 7 BW

1 M/

x]] / _ .
7 MM\ 4(cosh/ Bs— cosh/Bw, )sinh3/ Bw
The exponential factor im, accounts for the center of mass contribution, and it becomes unity for noninteracting particles
(w=Q). The factorﬁq is the expectation value 6f,€'%"! in the subspace of the relative coordinate system with its corre-
sponding partition functiof¥, (3,N).

We now introduce the generating functiﬁ@(ﬁ,u,q)=E°N°:0[NZ|(,8,N)ﬁq]uN for the Fourier transform of the density, as
was done beforgl7,1§ in the absence of a magnetic field,

17

gl(ﬂ!u!q)
(az+a3)sinh/ Bs Q@ 1 )
- Eo M}, 2 M, eXp<  BsSnN/ BI2) (st w SN/ BI2) (s—w,) 4w SO/ BW
£/ -1y M,

- 19
/( 8sinh(/ B/2)(s+ w| )sinh( /' BI2)(s— “’L)SinhE/’,Bw

[’

L s g(/*l)exp{—[(q)2(+q§)sinh/,85/85sinf(/B/Z)(s+wL)sinI*(/’,BIZ)(s—wL)]—(q§/4w)coth%/Bw} ,
_ﬁ'(’B'u)/:l 8 sinh(/'B12)(s+ w, )Sin( /' BI2)(s— w)sinh3/ Bw !

(19

where=(8,u) ==x_0Z(B8,N)uN is the generating function for the partition functidy(3,N). After straightforward algebra
one is left with

N

1 Z(BIN=/)
(/-n__2122= " -7
=N 2 TN

exp{ ~[(ag+a3)sinh/ Bsi8s sini(/ BI2)(s+ w)SinN/ BI2) (s~ w )]~ (q§/4w)coth%/,8w}
X .
8 sini( /' B12)(s+ w )sinh( /' BI2)(s— w,)sinh}/ Bw

ng=

(20

It is noted that in the limig—O0 the sum ruléq:0=1 is indeed satisfied. The densityr) in real space then becomes

d .

n(r)zf a nge ' (21)
(2m)*
LS BB S fud, ol —sB 0y —wA 7] @
N /= Zi(BN) ™ 8 sinh(/B12)(s+ w,)sinh(/ BI2)(s— w,)sinh3/ Bw
with
B 1 1 BQ Bw\ ]t
A, = cothi/ Bw+ — 5coth— coth— , (23
sinh/'Bs l( s sinhBsg m. sinhBs -1

B= cosh/ Bs—cosh/Ba, | N | S. COShBS, m —CoshBw,  coshBs— coshBa, 24

The sum rulefdrn(r)=1 for the density is easily verified. In the next subsection the fermion ground state density will be
examined, by inverting the defining series for the generating fun&jfa,u,q). Subsequently results will be presented for the
ground state density in they plane and in thez plane.

Ill. GROUND STATE DENSITY

Because of alternating signs in the recurrence relations for the partition furi(igns), Eq. (22) is not appropriate for
numerical purposes, in particular in the low temperature limit. This sign problem can be circumvented by an alternative
inversion of the generating functiay, using contour integration:
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~ 1 1 MNgBug| 1 1rwGBuela)
Ng=Nr NZ(B,N) JuN :O_ZWZ|(,3,N) Nj N e "’dé. (25)

Substituting Eq(19) into the above expression yields

0 u

- N
ﬁ :i ‘-l(ﬁ’u)/u e—(K)2(+K2+K§)
N 27Z(B.N)

y i waEl(IB,ue”’) £77D(\bbibyue?)” exp{— (k2+ k2)[b7/(1—b])+b5/(1—bj)1texd — 2x2b"/(1—b")]
/=1J0

Si(B.W) (1-b")(1-b7)(1-bj)
x e Nidg,

(26)
with the shorthand notations

KE=Oglds,  ki=ajlds, ki=ql4w, b=e PV, by=e Aol p,=e AlSTel),

(27)

By expanding the Fourier transform of the densﬁ'gyin powers ofb, b;, andb, one arrives at

= 3 © © © 0 2 + 2 + _ 2
T‘] :l »—4|(,3,U) e_(K)2(+K§+K§) 2 z E 2 ( Kx)ml mZ( Ky)ﬂl ﬂ2( 2Kz)m
9N 27TZ|(,3,N)UN m=0 m;=0 n;=0 my=0 n,=0 I(my+1)F(my+1)T(ny+1)I'(np+1)(m+1)

2 2 (mptng+1) (my+ny,+ 1), (m+1),
x> > > - -
K=0 K;=0 Ky=0 I(ky+1)I(ky+1)I'(k+1)

i kKq+mq+nq+1/2, kKo+mo+ny+ 1/ kq+mq+nq+1/2 ko+mo+n,+1/2
J‘erue'ebm+k+l/2bll 1N b22 2N Z\I,N_l(e)_g(ubm+k+1/2b11 1Ny 2b22 2t Ny )Z‘I'N(B)
X

0

ki+mq+nq+1/2 Ko+t mo+ny+1/2 ki+mq+nq+1/2 Ko+ mo+ny+1/2
1—2£upm ke UZpkat M Ny Mot t 42 0o g. 1 (ypm ke 12plat Mut et 2k ma g 1022

(28)
with (a),=I'(a+p)/I'(a) the Pochhammer symbol. The functidny(0)=e N2 ,(8,u€?)/E,(B,u) has previously been
obtained[12]. Using Eq.(6), the density(still at arbitrary temperatuyehen becomes

1 1 s?w s(x2+y?) wz
n(r)=<— exp — -
N (27 m3A%B A B

v (6)de
0
I % ® % % (_1/4A)m1+m2+“1+”2(—1/28)m
x> > X

M=0 m;=0 n;=0 m,=0 ny=0 I'(M+H)I'(My+1)I'(n; + 1)I'(n+1)I'(m+ 1)

o c 2 (myt+ni+1) (my+ny+ 1) (m+1),
x> > > - -
K=0 K;=0 Kp=0 [(ki+ 1T (ko +1)I'(k+1)

y in: m1§+:m2 nlé“z (_4SX2/A)m1+m2—Q1(_43y2/A)“1+“2_q2(—4W22/B)m_q
4=0 q1=0 gz=0 [2(My+my)+1] 54 I'(qs+1)[2(N1+Np)+1] 50 I'(q2+1)(2M+1) _541'(q+1)

i ki+mq+nq+1/2 ko+mo+no+1/ kq+mq+nq+1/2 Ko+mo+ny+1/2
waue'eberkJrl/zbll 1Ny b22 2N Z\I,Nil(g)_g(ubm+k+1/2b11 1N b22 21N )Z\I’N(H)
X

0

kqi+mq+ng+1/2 _ko+mo+n,+1/2 ki+mq+ny+1/2 ko+mo+n,+1/2
1—2&ubMt k12T Mt oy P2 M2t e cog g+ (up™M* ke /g LT M it Hiey o M a4 2

(29)
with
1/ s sinhBs sinhBs
aoqis L Bsom B | =0
N\ sc . coshBs. ,, —coshBw, coshBs—coshBw,
B=1 LW h'BQ h'BW 31
= +N ECO'[ T—COI > | (32
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The ground state density at=0 is then readily obtained by taking the limgt— oo:

2
Nr_o(r)= %\ / m?,vexp[ —os(x2+y?)— dwZ]

o o oo e o (_0_/4)m1+m2+n1+n2(_ 1(}/Z)m
SPIADIRDINDIED I'(my+ 1)L (my+ 1)L (ng+ 1T (np+1)T(m+1)

m=0 m;=0 n;=0 my,=0 ny,=0

2 2 (mptng+1) (Mmy+ny,+ 1) (m+1),
x> > 2 - :
K=0 K;=0 Kp=0 (ki +1)I (ko +1)I'(k+1)

y m mlémz nlinz (_40_SX2)m1+m27q1(_40.Sy2)n1+n2*Q2(_419W22)m*q
4=0 d1=0 qz=0 [2(My+my)+1] 5q I'(as+1)[2(N;+Nn3)+ 1] 5q ['(dz+1)(2M+1) _5,I'(q+1)"

(32

with 075
1QF-—"—"—-—-—-—— ~
N 0.50
N\ .
\ £ o025
d 9 (33 Vg
o=———>—— an = : po0.00
N—1+s/Sem N—1+w/Q 7 e , Vs
N \ o5 |
. g ;,i o . ! _0'50040 015 110 1j5 210 215 3.0
The sum rulefdrny_q(r)=1 can easily be verified. =
é’ 05
A. Density in the xy plane N=10
i — w/w=02
The ground state surface  density n(x,y) e w06
. . ! . ---- @w=12
=n1-9(X,Y,2)/Nn7-0(0,02) in the xy plane is cylindrically —— =30
symmetric, which means that(x=0,y) contains all the in- .
00 . L e
0.0 1.0 20 3.0 4.0
. , (@) o
Density for N=1,..., 45 fermions
____________ 0.75
\\ 050
\\ )
1.0 b \ £ o054
\ z
z \ &o000f
= \ 5
EN \ -0.25 |-
= \
= 3 \ L L L L L
4 % 0'50040 05 10 15 20 25 30
=) o fw
= .
Z 05 F-~
N=10
— o/w=0 '\
ey =04 \
- @09 \
—-— o/w=3.3 \\
y/y[) \'\\ _______ )
0'000 1I0 2I0 = 3‘(;‘“ 4.0
FIG. 1. Scaled surface densityn(x=0yy)w for Q=w in the () ’ ¥, ) ’

plane perpendicular to the magnetic field, as a function of the scaled
distancey/y, (with y,=1/\w; units with=m=1 are useyifrom FIG. 2. (a) Scaled surface densityn(x=0y)/w for Q=w in
the center of the parabolic confinement potentialNor 1, ... ,45  the plane perpendicular to the magnetic field, as a function of the
fermions in the limitw_ /w—0. The densities corresponding to 1, scaled distancg/y, (with y,= 1/J/w) from the center of the para-
3, 6, 10, 15, 21, 28, 36, and 45 fermiofis., for closed shell bolic confinement potential foN=10 fermions and for various
configurations in the absence of a magnetic jiele indicated by  Larmor frequencies, /w=0.2, 0.6, 1.2, 3.0. The inset shows the

dashed lines and the corresponding particle number is explicitynagnetic susceptibility foN=10 fermions as a function of the
indicated. Larmor frequency(b) Same as ina), but for o, /w=0, 0.4, 0.9.
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,,,,,,, . 0.75

N 0.50 |

N £ oz 1
E 4
& 0.00 1 0
I N ] N
N
N, 0| 1 -1

\
-0.50 L L L L L 2
\ 00 05 1.0 15 20 25 3.0

o, fw

=

Nr(0,y)w

el
o
T

N=28
— a/w=0
............ o w=1.0
---- ofw=20
—-— o/w=30

5 - - - - 2 1 0 1 2 2 -1 0 1 2
078 X/Xg X/Xp

_ FIG. 4. Contour plots oNn(x,z)/w for N=4 fermions and for
""""""""""" ~ | | Q=w as a function of the scaled coordinates, and z/z, with
wl / =2 | Xo=2Zo=1/yw, measured from the center of the parabolic confine-

ment potential, for different values of the magnetic field)
0.0 ojs 110 1j5 gjo 2j5 3.0 wL/W=02,(b) w,_/W=1.0,(C) w|_/W=1.5, and(d) w,_/W=3O

o fw

Nu(0,y)/w

et
2

N=28

— o/w=05
~~~~~~~~~~~~ w fw=1.5

-- @fw=25
—-— o/w=35

nonzero magnetic fields, but for reasons of brevity they are
not plotted.

With increasing magnetic field the oscillations in the den-
sity gradually become less pronounced and the confinement
. . L ey is enhanced as_ increases. The density profile changes
) o0 0 2oy, 0 *®  whenever the magnetic susceptibilityhich is proportional

to dEg/dw with Eg=2g-g E the ground state enerpy

FIG. 3. (a) Scaled surface densityn(x=0y)/w for Q=wasa  exhibits a discontinuity as a function of the magnetic field.
function of the scaled distangéy, (with yo,=1/\w) from the cen-  For w, >Ww the energy spectrum behaves like a Landau spec-
ter of the parabolic confinement potential fdr=28 fermions and  trum. This is illustrated for the noninteracting case=((})
for various Larmor frequencies /w=0, 1.0, 2.0, 3.0. The inset jp Fig. 2@ and Fig. Zb) for N=10 electrons, and in Fig.
shows the magnetic susceptibility flr=28 fermions as a function 3(a) and Fig. 3b) for N=28 electrons. The insets show the
of w_ . (b) Same as i), but for w, /w=0.5, 1.5, 2.5, 3.5. magnetic susceptibility as a function af .

0.0

B. Density in the xz plane
formation. Figure 1 showlsin(x=0,y)/w for 1-45 electrons

for the nomnteractmg casev= .Q) at' Z€ro .temp.erature. The xz plane changes whenever there is a jump in the magnetic
factor 1iv makes this expression dimensioniéssthe units  g;scentibility. Figure 4 shows density contour plots for four
with 2=m=1 used throughout this papefhe factorN is fermions (v=0) for various magnetic fields. The asymme-
introduced for clarity in the figure, in order to avoid 100 gy of the x andz directions due to the magnetic field along
strongly overlapping curves. The densities f1, 3, 6,  thezaxis is clearly revealed in the plots. In Fig. 5 the density

10, 15, 21, 28, 36, and 45 electrons, i.e., for closed sheloniours for ten fermionsw=Q) in the xz plane are illus-
configurations, are emphasized by dashed lines. Oscillationgaieg.

appear in the density profiles, indicating concentric orbitals

Like the density in thexy plane, the density profile in the

of increased density around the center of the confinement IV. CONCLUSION AND DISCUSSION
potential. The oscillations become more pronounced if the '
number of particles increases. Previougg] the effects of In this paper we have presented analytical results for the

an attractive w>(1) and a repulsive <)) two-particle  density of spin-polarized harmonically interacting fermion
interaction were studied in the absence of a magnetic field. Ibscillators in a magnetic field, taking the fermion statistics of
was seen that a repulsive interaction induced an expansidhe particles into account. The approach presented here is
whereas an attractive interaction induced a contraction of thealid for any number of electrons and for any temperature.
gas of interacting fermions. These effects also appear fowe concentrated on the ground state density for a number of
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(a) (b) (¢) (d)

z/Z¢

I
[ )
Z/Z¢

|

p— —2 - [ %)
Z/Z¢

|
2 ]

-2 -2 -2
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 06 1 2 -2 -1 0 1 2
X /X9 X/Xo X/Xg X/Xp
(e) (h)
2 2
1 1
= d
N N
-1 -1
-2 -2
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
X/Xo X/Xo X/Xo X /Xo
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